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' Abstract 

In this paper the author finds explicitly all finite-dimensional irre- 
ducible representations of a series of finite permutation groups that are 
1 1 , homomorphic images of Artin braid group. 
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1 Introducton 

m ; 

04 ' In [1] we consider certain permutation representations of Artin braid group 

, B n on n strands in appropriate finite symmetric groups. The corresponding 

permutation groups B n (a) depend on a permutation a and are extensions of 
• • , the symmetric group S n on n letters by an abelian group A n (cr). Let q be 

' the order of a permutation r which is bound up with a, see [1, (1)]. If q is 

, odd, then any one of these extensions splits, and the groups A n (cr) and B n (a) 

$_i ' depend only on q: B n (q) = B n (a), A n (q) = A n {a). Moreover, in this case the 

monodromy action of S n on A n (q) is very simple. This allows a straightforward 
application of the method of " little groups" of Wigner and Mackey for finding 
all finite-dimensional irreducible representations of B n (q) , which is done in the 
present paper. By composing with the surjective homomorphism B n — > B n (q) 
we obtain a series of finite-dimensional irreducible representations of B n . 
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2 The theorem 

This paper is a natural continuation of [1], and we use freely the terminology 
and notation, introduced there. Throughout the end we assume that the order q 
of the permutation r € Sd from [1, (1)] is odd. In accord with [1, Corollary 10], 
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up to an isomorphism of abstract groups, the groups A n (a) and B n (a) depend 
only on the positive integer q and we adapt the notation: B n (q) = B n (a), 
and A n (q) = A n (a). Now, making use of [1, Theorem 9, (hi)], we obtain that 
B n {q) is isomorphic to the semidirect product of the symmetric group S n by 
the abelian group 

M<D =Z/ '(9)]J II Z / '(«). 
n times 

and -A„(g) has a structure of S^-module, given by the monodromy homomor- 
phism m from [1, Proposition 11]. The group A n (q) can be considered as a 
free Z/ (</)-modulc of rank n with basis ei = (1, 0, . . . , 0), e 2 = (0, 1, . . . , 0), . . ., 
e„ = (0, 0, . . . , 1). We identify A n (q) with its multiplicatively written version 
(t)(™) via the rule xid-l \-x n e n ^ T Xl Lj d (T X2 ) . . . w ( n - 1 ) d (T x « ). The involu- 
tion m(9 s ) = i s , s = 1,. . .,n— 1, acts on the basis (e^ by the rule L s e s = e s+ i, 
and /, s e r = e r for r ^ s, s + 1. Therefore, if £ £ E„, we have 

C-a;= (zc-Mi)'---'^- 1 ^)) 

for any a; = xiex + ••• + x n e n £ A n (q). The contragredient action of the 
symmetric group E„ on the dual Z / (q)-modn\e A n (q)* is given by the formulae 

£•&= (&£-!(!), • • ■ ,&£-!(„)) 

for any b = biXi H h b n x n £ A n (q)*. 

We denote by P n the set of all partitions of n. Any linear form b = 
(&!,...,&„) £ A„(g)* defines a family of non-negative number (^)fcez/( 9 ); 
where £^ = |{« £ [L,n] I &i = This family, after ordering from largest 

to smallest, produces a partition X^ = \ X^\ ■ • •) £ Pn- Let P< 9; „ be the 
set of all partitions A £ P n with length not exceeding q. The map A n (q)* — > P n , 
b i ^ A*- 6 ), is E„-equivariant, and let f : E rl \j4„(<7)* — >■ P n be its factorization. 

Let C be the field of complex numbers, and let C* be the multiplicative 
group of its non-zero elements. Let us fix a primitive gth root of unity e £ 
C*. Let X = Hom(A n (q),C*) be the group of characters of the irreducible 
representations of the group A n (q). The group X consists of all maps 

X = Xb:A n (q)^C*, Xh (x) = s b ^ , 

where b £ A n (q)* , and the map A n (q)* — > X, b M> Xb, is a group isomorphism. 
If X = Xb: the rule C ' X — Xc-b defines an action of the symmetric group E„ 
on the group X. We denote by x the E„-orbit of the character x £ X. Via 
transport de structure, using t, we obtain a map 

t x : X n \X^P n , x^AW. (1) 

The images of the maps t and fx coincide with P< g:Il C P„. For any En- 
orbit b £ i _1 (A), A £ P< q - n , we choose a representative 6 with stabilizer Ea = 
Eaj x Ea 2 x . . ., and denote the corresponding representative x& of xl € ^(A) 
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via Xb,X- Moreover, let us set D\ = A n (q) ■ E^. Let jit, = {jin, fin, . . .) be 
a partition of A,, i = 1,2,..., and let [/ij] be the corresponding irreducible 
representation of the group The family (7^1,^2,— = [Mi] ® [M2] ® •••) 

consists of all irreducible representations of Ea- Let 7^ lljU2l ... be the composition 
of 7^ ,^ 2) ... with the canonical projection Da — >■ £a- Since each character Xfc,A 
has stabilizer it can be extended to a one-dimensional character of the group 
D\, which we denote by the same letter. 

Theorem 1 (i) The representations 

/nrf^" (9) (xb,A ®7fti,M2,...)j 

where b G i (A), A G P< q - n , are irreducible, pairwise non-isomorphic, and each 
irreducible representation of the group B n {q) has this form; 
(ii) the group B n {q) has exactly 

J2 p(Ai)p(A 2 ) • • • m A (L__l, 0, . . .) 

q times 

irreducible representations. 

Proof: (i) This is a straightforward use of [2, Proposition 25]. (ii) The inverse 
image t^}(\) of any partition A G P< q - n consists of m\{l, ■ . . , 1 ,0, ■ ■ ■) elements 

q times 

of the orbit space T, n \A n (q)* , where m\(xi, x%, ■ ■ •) is the monomial symmetric 
function, corresponding to A. If we note that m\(l, ...,1,0,...) =0 when the 
length of the partition A exceeds q, we obtain that |t _1 (A)| = m\(l } ...,1,0,...) 
for any A G P n . In order to complete the proof, we use part (i). 

Example 2 Let us set d = 3, n = 3, r = (123). Then q = 3, A(3) = (Z/(3)) 3 , 
B 3 (3) - A(3) • S3. Moreover, P 3 = {(3), (2, 1), (l 3 )}, and P< 3;3 = P 3 - The 
inverse images t _1 (A) of the partitions A G P3 via the map 

t: S 3 \A 3 (3)* -> P 3 , &h+A< 6 > 

are 



t _1 ((3)) = {(0,0,0), (1,1,1), (2, 2,2)}, 



^((2,1)) = {(0,0,1), (0,0, 2), (1,1,0), (1,1, 2), (2, 2,0), (2, 2,1)}, 

and 

t- 1 ((l 3 )) = {(0TL2)}. 

Further, we obtain 

X(0,0,0),(3)( x ) — X(1,1,1),(3)W — £ 1 X(2,2,2),(3) W — £ 

X(o,o,i),(2,i)(a:) = £X3 > X(o,o,2),(2,i)(a:) = e 2x \ X(i,i,o),(2,i)(z) = e" 1+a;2 , 
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X(i,i,2),(2,i)(*) =e* 1+X2+2xs . X(2,2,o),(2,i)(z) = e 2 ^+ 2 ^, 
X(2,2,i),(2,i)W =^ 1+2a;2+ " 3 - X(o,i,2),(is)(a:) = e *'+ 2 *3. 

The irreducible representations of the stabilizer E3 are [(3)], [(l 3 )], and [2,1] 
(2-dimensional) . Thus, taking into account that D( 3 ) = B 3 (3), we obtain nine 
irreducible representations of the group £3(3), produced by the stabilizer £3 
six one-dimensional, and three 2-dimensional: 

X(0,0,0),(3) ®7[(3)]> X(0,0,0),(3) ®7[(1 3 )], X(0,0,0),(3) ®7[(2,1)], 

X(l,l,l),(3) ®7[(3)]> X(l,l,l),(3) ®7[(1 3 )] 5 X(l,l,l),(3) ® 7[(2,1)], 
X(2,2,2),(3) ®7[(3)]> X(2,2,2),(3) ®7[(1 3 )], X(2,2,2),(3) ® 7[(2,1)]- 

The stabilizer E 2 x Ei has two irreducible representations: [(2)] <g) [(1)], and 
[(l 2 )] (g> [(1)]. Thus, we obtain the following twelve 3-dimensional irreducible 
representations of the group B 3 (3): 

^4( 2 (3 1 ) ) (X(o,o,i),(2,i)®7[(2)],[(i)]), /n4( 2 (3 1 ) ) (X(o,o,i),(2,i)7[(i2)],[(i)] 



D( 2 (3 1 )(X(0,0,2),(2,l) ®7[(2)],[(1)]), ^rf^ ) (X(o,o,2),(2,l)7[(l 2 )],[(l)] 

.B (3) -B (3) 

/nd A 2 ,D (X(l,l,0),(2,l) ® 7[(2)], [(!)]), Ind D, 2tl) (X(l,l,0),(2,l)7[(l 2 )],[(l)] 



B 3 (3) 



•"(2,1) 

jB3(3) 



'(2,1) 

S3 (3) 



/nd D(2,D (X(l,l,2),(2,l) ® 7[(2)], [(!)]), Ind D 3 (X(l,l,2),(2,l)7[(l=)],[(l)] 



'(2,1) 

7^3(3) 



^D( 2j1) (X(2,2,0),(2,1)®7[(2)],[(1)]: 



Ind 
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1) (X(2,2,0),(2,1)7[(1 2 )],[(1)] 



Ind 



D( 2 (3 1 ) ) (X(2,2,l),(2,l) ®7[(2)],[(1)]), Jnd^ ) (X(2,2,l),(2,l)7[(l ! »)],[(l)] 

The trivial stabilizer EixEixEi has one irreducible representation — the 
unit representation, and, moreover, -D(i3) = ^3(3), so we obtain one more 6- 
dimensional irreducible representation of the group -£?3(3): 

Ind 5(3)(X(0,l,2),(13))- 

We note that 6.1 2 + 3.2 2 + 12.3 3 + 1.6 2 = 3 3 3! = |S 3 (3)|. 
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